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WELFARE DEPENDENCY AND LOW INCOME LABOR MARKETS: ABSTRACT

--by

Michael J. Boskin,

IOW

I

Two models of the duration of stay on, welfare are developed and estimated

using panel data from the California AFDC panel survey. The first model

characterizes the distribption of lengq. of stay on welfare as drawn from the

lognormal distribution with a truncation at the duration of the experiment

(sixty months). The second model analyzes the movements orr and off welfare,

and duration of stay on welfare as a Markov process.
,10

The most important methodological finding of the study is that statistical

procedures which fail to account for the special characteristics of the limited

duration of obsrvation and the piling flp of the density at the limit can be

quite misleading. Indeed, several frequently used statistical procedures

impart a substantial downward bias to the Coefficient estimates.

The major substantive findings are that the popular notion of the welfare

population asmore or less permanently entrenched on welfare is erroneous

(an enormous turnover accompanied by a modest average length of stay on

welfare is more accurate); that persons facing a wage below the minimum

wage are much less likely to leave welfare, much more likely to return,

stay off welfare for shorter periods, stay on welfare for longer periods,

and are much more likely to be on welfare in the steady state than those

facing wages above the minimum. Persons with low non-wage income or high

expected unemployment respond similarly to those with low wages.
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REGRESSION ANALYSIS WHEN THE DEPENDENT VARIABLE IS
TRUNCATED LOGNORMAL, WITH AN APPLICATION TO THE'
DETERMINANTS OF THE DURATION OF WELFARE DEPENDENCY

by

Tekeshi-ayei aid-Michael Boskini

1. Introduction

The purpose of the present paper is two-fold: to present an

estimation technique which may be useful in a variety of econometric

studies and to apply4t to a new body of data in order to gain some

insight into the determin'ints of the duration of.welfare dependency.

The former is motivated by two considerations with respect to

the distribution of the dependent variable. First, many variables must

be non-negative to have err economic' meaning. For example, theoretical

considerations,preclude negative consumption. Second, theoretical

considerations and/or the method in which the data are collected may

// truncate the distribution. The first of these considerations may lead

to the regression with the lognormal distribution developed by Amemiya [3];

the last may lead to the combination of probit. and regression analysis

1
The authors wish to thank Robert E. Hall for helpful comments, Thome w

Moore and Frederick Nold for computational assistance and the Office of
Research of the California Department of.Social Welfare for providing the

data. The research for the first author was supported by Notional Science
Foundation Grant GS -2635'at the Institute for Mathematical Studies in the

Social Sciences at Stanford University. The second author was supported
by US Department, of Labor, Manpower Administration, Grant No. 51-06-73m-06'
at Stanford University. The authors are indebted to Jon Peck and Dennis
J. Aieper for calling their attention to errors in equations (2.11) and
(2.14) in the earlier version of the paper and to the referee for his valu-.
able comments which resulted in a considerable improvement bf the paper.

8
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developed by Tobin (10j. .When both considerations are relevant simul

taneously, the lognormal analog of Tobit analysis, or the truncated

lognormsis an_szne_alin rior_auecification-

For example, consider h study of the determinants. of the duration

.of )relfare dependency using data from a five-year survey of welfare reci-

pients. The, dependent variable in such-a,relationship, the number of

months during the five-year period the household received welfare,-

must be positive and has an upper limit of sixty.
2

In addition, there

is reason to suspect both a positively skewed distribution and a piling

up of the density at the upper limit. Ordinary least squares takes none

of these considerations into account; Tobit analysis can be easily modi-

fied to account for both the lower and upper truacation,,but cannot account

A for the skewness of the distribution.

To be suTe, the lognormal distribution is tot the only possible

means to take account of the non-negative andakeved dependent variable-.

But we have used the lognormalAistribution because it has been exten-

sfvely and successfully used to represent non-negative skewed random

variables in many fields of application, including economics. For a "good

didcussion. cif-these applications the reader may consult Aitchison and

Brown (l). Another feature of the logabrmdl distribution, which is
3.1

2
We conceive of this relationship as imbedded in a laiger model which

also explains the probability of being on welfire. Since data is avail-
able only for welfare families, we cannot estimate such a relationship.
Our results iherefoie mey be'interpreted as estimating a relationship
determining the duiation' of Welfare dependenticdnditionsl upon being on

welfare._ See.Boskin [6] for a disbussion of this situation in the mxar-:.
logous case of market.lelpr:supply:

S 9

1

1`,,

11, L
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intuitively attractive, is that its variance is proportional to the

square of its me gamma distribution has a similar shape to

lognormal and the same feature regarding the variance, but

not used it because the truncated-gamma-dist/ibttiOn is computationally

much re cumbersome than the truncated lognormal.

Turning now to our second purpose, an empirical study of wel-

are recipients, we note the large number of conflicting hypotheses

about the behavior of welfare recipients and explanations of the rapid

inc in welfare roils. Most of these can be reduced to estimates

the re se of welfare recipients to the changes in their budget

constraint caused by the welfare system. Welfare induces two changes

in the budget constraint facing recipients: it guarantees a certain

income at the zero earnings level and it,taxes earnings by reducing

the welfare payment a fraction of a dollar for each dollar earned.

That is, welfare imposes the usual income and wage effects on the -work-

leisure choice. We present below estimates of, and tests of hypotheses-1-
-about, the economic and demographic variables affecting the dura-

tion of welfarr dependency.

Section 2 presents the truncated lognormal regression model

together with the likelihood function and its first- And,second-

order derivatives.

Section 3 discusses the iterative probedure used to calculate

the maximum likelihood estimates, the asymptotic distribution of the

estimator, and the problem of en appropriate initial estimator.

10
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Section 4 describes the data, and the efinition, and genera-'

tion,-of-the var- i -ables used in the empirical-part-of the study.

Sections presentlFour-erriptateal-results, some

important, and in some ways surprising, findings about welfare reci-

pients. We present estimates of, and formal tests of hypotheses abbut,

the determinants of the duration of welfare dependency. We also pre-
,

sent a comparison of theestimates from our truncated lognormal procedure

with the results from ordinary least squares and Tobit estimation.,.

Section 6 offers a brief summary and conclusion.

2. The Model and the Maximum' Likelihood Estimates

We first define a sequence of lognormal random variables, (ye),

and then define yt as a random variable obtained by truncating yf

at a certain value. We define (yf) as follows:

(2.1) (ye) is independent lognormal with 411 = O'xt and

n2(0,xt)2,

where x
t

is a K-component vector or known constants, B is a K-

component vector of unknown parameters, and n
2

is a scalar unknown

parameter. We assume that Otxt > 0 for all t. Equivalently, we have

2

(2.2) (log ye) is independent normal with Elog t log Oixt -

log %
,

1+n
2,Ia

asand Vlog yt%df 02)

ii
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Next we define yt

(2.3)

V = * if% Y* < a
"t "

Vt
"t

a

_where a is_a_known positive constant.3

Our statistical problem is the estimation of a (K+1)-componelt

?
vector of unknown parameters, (B', n2), or equivalently, (0''," ) on

the basis of the observations yl, y2,..., yT. We 1411 consider the

estimation of (0',02) fin. the sake'of mathematical convenience. We

choose the maximum.14elihood method of estimation.k

Let S1 be the set of, t for which yt = a and S2 be that

for which yt'< a. Then, the likelihood function of yl, 72,...,,7T

it given by
-\\

t

L = RP[y*
t

> a] 2!
1

where 'gt is the lognormal density given by

(2.5) FY 4.) m . e

- log fi'x + s-

2
(Log y

,

/ 20
2

I

4
gat

and R is the product over t E 81- and U is ovei t E 5
2.1 2

note that

y-,16

2
(2.6) p[yt > a] * P[log y: r, log a] F(-log a + log 0 1)c _

3
In our case a is obviously a known constant. Hoiever, in some

other applications it may be more appropriate to assume a to be au'
unknown parameter to be estimated. This would be an important model
to consider but is beyond the scope of the present'paper.

12
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where F is the distribution function of N(0,, a2). Therefore, the

log likelihood function is, aside ,trom constants,

1 r 2
log L = Slog Ft - F Llog a

2 1
- 2- ',rt.

1 ' 2 2a 2

where_we use the abbreviations

(2.8)

02

Ft = F(pt) = F(-log a + log B'xt
2

- "'"")

and t
(2.9) vt = log yt -.log O'xt + 2 .

The maximum likelihood equations are obtained by equating the
-44+ of"

partial derivatives of,(2.7) withreapadt to B and a
2

to 0 as'

foilows: )le have

21(2.1o) 2K.I. ft t
v

Ft,e'xt
x
t'

02
B' xt t

"."

wham is= f(pt) is the density of,

1... T 2

2
2a

(2.11)
log L

2
aa

2 4
2a 1 t

a2) evaluated at Pvland

Ft1 cv2 :,T ..i.t....

--7 4t- 2
F

2a 2 1. t

lvt = 0

2

where T
2,

is the number of elements in 8
2'

The maximum likelihood

and *a2 are defined as the roots of (2.10) and (2.11).

1 3

r.
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4
The solution of (2.16) and (:).11) must be obtained by an iterative

procedure, which we Will explain in the next section.

We will need the following second -order derivatives both in the

iterative procedure and in obtaining the asymptotic variance- covariance

matrix of the maximum likelihood estimates. We have

2
a2lpg utftFea ft(ft+Ft)

(2.12)
1 t

a030' 2 L tt 2 'e 2ttx x - x,

a 1 F2(8'x )2
t

, a 2 (13'xil

. .

&ealo I.
1 v

(11
t
+a

2
)(a

2
f
2+u

f F )-
2f

F
Zf-

(2.13)
t ttt a tt '4'-j: a -2

1 v
vt

2 -7 L x 4' T L r-- x ,

as as 2a 1 F281x
t

2a 2
6 x

t
t

Fts'
f

and

(2.14)
a21oe

F
t

2_4._ ft 2 1 2 (
+ft)-(3ut+2a)F

t
a(0

2
)

2
4a4 1 F4 a

t

T T2
1

+ Evt - Ev2t

2a ha a 2 a 2

The Iterative Procedure

Let 6 = (8', a2). Then, the well-known iterative procedure

called the Newton-Raphson method is defined as follows: given en

A

initial estimate AL, we define 62 by

1
a log L(0 )

1
slog L(e1)

^
e = e
2 1 seas' ae

14
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After obtaining 82, one iterates again to obtain 83, continuing the

process until 8
n

converges within the prescribed bounds.

Let Q be the estimate obtained by the above procedure. Then,

clearly, 8 is a root of equations (2.10) and (2.11). Unfortunately, how-

ever, there is no assurance that 8 will correspond to the root for

which log attains the global maximum since (2.10) and (2.11) are

highly nonlinear and therefore very likely to have multiple roots. We

have not been able.to obtain a useful set of conditions on the.initial

estimate for the iteration to converge to such a root. We might add that

it is extremely difficult to obtain a practically-verifiable set of condi- '

tions for the eonvergence of an iterative procedure in nonlinear models:.'

in general and consequently there are few such results in_the literatura.%.

For general discussions of iterative procedures, the reaaer'is riferre4

to Jacoby, Kowalik, and Pizzo [9) and Goldfeld and Quandt [7).,

If a consistent estimator were available as the starting value ofs .

the iteration, the convergence to the global maximum likelihood esiiNAtor.

would be more readily attained. However, we have not beeh able, to find

N
a practical consistent estimator for our model. Amemiya [23 proposed a

simple consistent estimator for thetrunqateal9rmal regression model

but his estimator does not extend to the trunated lognormal model.

Given these circumstances, the best strategy seems to be to try a

few different starting values. If they all converge to the same: value

&d if moreover that value is a reasonable one,in view, of our,AL priori

knowledge, we can get some assurance that the value obtained is indeed

/ 5
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.. ,-, ,. ;

I... 'fr .,,s s . ; ,,;
. wing-;.the. asitmptotic 'normal distribution. 't es

,, A
..v . C t . . . t

.:s'is / '
. ., '

i A hypothesis about 8 may be also tested by (wing Vie l,preli*od
.- r " , - , - . . ... , .

ratio test. Let' the null hypOthesis be gi( A) = 0, i = 3.,a .,',..,K. Then,, t.., ,

, ,! ..
. ... , .. ,:,

,.:
; as is well known, - ' ,

4 . -

sup L(9) . .

' Oe3 I. -,- 2log -7r- ./ - :ssup 1401,;,,. .. ,
A

.
4 ..,

For more.disCUssioh of regression with the lognormal deieident variable,
see tolleadya [3]. 6

, 0..

, . ..
i*

"rit,
1.! .

i 7

.

I's.
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is asymptoiically distributed as x2 With the degrees of freedom

equal tc. K, the'ziumber of restrictions.

As one Can see from (3.1), the iterative procedure requires t.he

evaluation of the first -order and second. -order partial derivatives

givenin A.10) - (2.14). !Sr computational purposes it will be conve-

'nient to make the iolloirinisubstitutions in these equetions:
.9-

-.. (3.6),

4"

1
a

ut

F(11 ) = 0()
t

ff 't

,,;1'.where' t end. C are the distribution
' 3

off' the tendard normal variate. The ordinate of 0 is calculated

1-9

bi,mans of expansion,' .

. A

I Y

and density functions respec-

Zt is ,posr2ible 'that in early stages of iteration 8xt meet become
u

negAi'Ve for sane t. Then,,log.84,x
t

cannot

t 2

difficulty,
,

negative.:

be defined. To avoid this

-

'we will arbittirily put log 0,1"Ixt = 0 whenever 8'n x
t

is

This procedure did not cause __a serious problem in our empirical

example discussed in the following sections because we .had 81n )C > 0
t

,fors t for n 'larger than a certain finite integer mo. For, then,

we can Pretend as thOughve started the iteration with 9
n

so that the

subsequent iteratidn is exactly the Newton-Raphson.

I

.2

1$
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, 4. The Data

The data used in this study are survey data from the State of

California AFDC five-year survey. The data follow individual house-

holds overitthe period 1965-70. The data include information on the

total time on welfare, recidivism, and characteristics of household

members such as age, race, sex, education, work experience, health,

income by source, assets, and amount of aid. The data cover 658

households, ',and are particularly important as one of the few examples

of data on individuals over time. These families all came on welfare

in the first month of the study.

The variablee used in the empirical study include:

TOA, time- on aid, the tote), number of months during the five-

year period during Which the household received payments under AFDC.

This is the dependent variable of the model and we assume it to be

statistically independent among individuals given the values of the

independent variables. Of course, this variable can only take on

values between one and, sixty.

W, the expected hourly market wage facing the household head.

This wage is imputed on the balis of a hedonic regression of wages on

personal characteristics from the 1967 Survey of Economic Opportunity,

and adjusted for the employee component of the payroll trot and the

individual income tax. The procedure was developed by Hall (8] and is

also discussed in Hoskin [5].

19
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U, the expected duration (in weeks) of'unemploymeht facing the

head of the household. This is imputed in a manner analogous to W,

and was also developed by Hall

NWY, non-wage income, encompasses income from sources other than

earnings, including imputed income (at 12%) to consumer durables.

A, a dummy variable taking the value ong when the head of the

household is twenty-five years old or under as of the start of the survey.

H, a dummy variable taking the value one when the head of the

household reported that an adverse health condition affected employ-

ability as of the start of the survey.

PS, a dummy variable taking the value one if a child of pre-

school age, five years old or under, was present in the household

for at least three of the five years of the study.
5

5. Empirical Results

Our empirical results reveal some interesting insights into

welfare dependency, as well as methodological poihts of interest.

A first point of interest is that. only 113 of the 658 households Pere

-4
on AFDC for the entire period. This amounts to just seventeen percent

of the sample. In 1970, 'just 213 of the 658, or just thirty-two per-

cent, were receiving AFDC payments despite a serious deterioration in

employment prospects over the five-year period. Just under thirty per=

cent of the households came back on welfare after having been off aid

5 Of course, a very small nastier of felonies without a child of pre-
scho.al age at tWstart of the survey may have had children born during

this period. No infOrnatioa is available on this question; it is

assumed no such births occurred.

t)
V



at least once. These data suggest a continuous turnover of the welfare

population rather than the familiar stereotype of a permanently entrenched.

welfwe'population. A very large number of cases show up on the wel-

fare rolls only for a brief period of time (almost half the sample

was on aid for no more than one year). What then are the factors in-

fluencing the duration of welfare dependency?
6

We start out by presenting our results inclusive of all variables

described above. The wage, unemployment and non-wage income variables

describe the economic constraints facing the welfare recipient in the

labor market.? The health, age and pre-school child represent demo-

graphic factors which may tend to keep the head of the household from

working.

Table 1 presents the results bard on our truncated lognormal

regression model. Overall, the equation does quite well, the standard

error being less than one-tenth of the mean of the left-hand variable.

However; four of the individual coefficients, thoie for NW ,'H,

PS, and A are both quite small and, given this, not measured precisely

enough to be considered different from zero. That is, in each case,

we accept,the hypothesis, on the basis 0 the t-test implicit in (3.2),

6
We repeat the proviso of footnote 2.

7
It should be pointed out that a sma4Rereentage of welfare reci-

pients earned a modest amount while on welfare. That is, a miner
fraction of the adjustment to the equilibrium quantity of labor supply
took place while on welfare. The vast majority, however, took place
by moving on and off the welfare-rolls-;-given the high implicit tax
on earnings under AFDC-(see Barr and Hall [4]), this is perfectly
rational.
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that the coefficient equals zero. As noted above, We may also employ

a likelihood ratio test to test (more powerfully) the composite hypo-

thesis that allfour coefficients equal zero. The statistic -2 in A,.

where A is the ratio of the maximum of the likelihood function over

the restricted to the unrestricted parameter space, is distributed as

X2ic, where K is the number of restrictions. In our case we have four -

degrees of freedom. The restricted maximum is generated by,the regres-

sion reported in Table 2. We note that -2 gn A is 5.2, 'Which

2is vaboit half the critical value of the x
4

at the 5% level. We

thus find no evidence for age, health, pre-school children, or non-Wage

income influencing the duration of welfare dependency. The' coefficient

on the expected duration of unemployment, U, suggests a modest increase

in the expected time on velfare.as expectedmmemployment rises; the

implied elasticity, calculated at median values is about three-fourths.

The results reported in Tables 2 and 3 also reflect the 8ollin-

earity of the Constant term and the other dummy variables, especially .

PS. When these are dropped from the estimation equation, the estimated

coefficient for the constant rises substantially.

2 2
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Table 1

..

Truncated Lognormal Regression: bependent Variable: TOA .

Variable

w

`

Coefficient

48.19

11.81'

Standard Error

lo.6

6.06

0.02x10-2 0.10x10
-2

5.93
,

' .86

H .- 3.71 8.6o-

PS 6.?1 -1i.09

A 0.75

s - 2.'19

convergence' achieved after fifteenth,iteratiozi ,

Table 2

Truncated Lognormal Regression: Dependent Varlable: TOA

Variable. Coefficient , StaidardErrar,

C 62.00 12.91

, 5.32

5.73

w

2 '-
= 2f12

'

convergence achieved, after fifteenth iteration

, .
.

4t..)
6) CI

I

.-
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Table 3

Alternative Specifications of the'Regression of TOA on W

A. Truncated lognormal;

s
2

= 2.17

B. Tobitl (with the

Variable Coefficient Standard Error

C 78.67

w -19.92

upper truncation) 45.10

W -10.26

s
2
. = 1. 81

C. Ordinary Liast Squares:

(non-limit
'.observations) 25.27

- 4.38

s
2

0.66

15.
6.

4.86
3.08

2.91
1.53

ti

Out major substantive conclusion is that expected market wage

rates do exert an important influence on the duration of time on aid.

As expected wage rates rise, time on aid falls off sharply. The wage

elasticity, evaluated at the median wage and time on aid, is over unity.

The interpretation of this result is not difficult. The implied wage

r elasticity of labor supply suggests that higher-wage recipients remain

on aid for a shorter time as part of a long -run adjustment of labor

supply. The lower the wage, of course, the more likely it is that

remaining on welfare is the income-maximizing strategy. Our results

suggest that the way to induce AFDC heads of households to work in the

market
8is to raise their expected wage, for example by a wage subsidy

or negative iiyroll tax.

,

We 'leav said. the quetstion of whether when, this is desirable

social policy..
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We also find a modest effect of expected unemployment on wel-

fare dependency.

Finally, it.is instructive to compare the estimates of the wage

elasticity of the duration of welfare dependency derived from different

estimation procedures. Regression results are reported in Table 3 9 and

the wage elasticities derived in Table 4. The point estimates differ

markedly, the ordinary least squares estimate being about one-quarter,

and the Tobit estimate about one -half, of the truncated lognormal estimate.

Three regressions are graphed in Figure '1.' They show that both OLS and

Tobit underestimate the expected value of TOA over the relevant range

of W. That OLS using only non -limit observations underestimates the

expected, value of TOA can be rigorously explained as tollgates: We hay

(5.1) ,E(Itlit < a)
1

a
t

1-11.

t 0
JYSt(Y)4Y

where gt and Ft are defined in (2.5) and (2.8) respectively. But,

0
using the substitution z = log y to evaluate the integral, the right-

,

hind side of (5.1) can be shown to be equal to

2

F(log a-log O'xt-17)

2
ofx

t

F(log a-log Vx+ i7)-

9 Tlie Tobit and ordinary least squares regressions on the full set of
variables each yielded virtually identical estimates'of the wage coeffi-

cient as those reported in Table 3.
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al

assumes normal when it'is truly lognormal, one will underestimate,

P[yt g 4. That means Tobit v111 attach too littaesweight to the

information contained in the observations at a and too much weight

to that contained in the observations below 'a. Hence the result we

wanted to explain.
cir

6. Conclusion

We have presented an estimation technique which may be valuable

in econometric studies when the dependent variable satisfies certain

cri,eria andlopplied it to an empirical problem which is not without

interest itself.

Our major substantive conclusion is that the wage elasticity of

the duration of welfare dependency is probably in the neighborhood of

unity. This result lends strong support to those who advocate a pro-,

gram which increases the expected market wage of potential welfare

recipients as a method of inducing participation in martet work.

In addition, a comparison with ordinary least squares and

Tobit estimation suggests that when the dependent variable must

be non-negative, yet has an upper limit (as is natural in studies'

of the allocation of time), the data tend Vo 'flatten out the regres-

sion line when estimated by these methods in order to account for

such phenomena.

26
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A MARKOV MODEL OF TURNOVER IN AID-TO-FAMILIES
WITH DEPENDENT CHILDREN*

by

Michael J. Boskin and Frederick C. Nold**

1. Introduction

Among the many badly mistaken popularly held views about welfare,

especially Aid -To- Families- With- Dependent Children (AFDC), is the view

that the population of recipients is more or less permanently entrenched.

in a welfare dependency status. We shall present, and analyze, data

which suggest that nothing could be further from the truth. There'is an

enormous turnover in the welfare population: new families come on welfare

and go off,continuously;most families stay on welfare for periods of

far shorter duration thatn is commonly supposed; and finally, there is a A

substantial amount of intermittent recidivism. This paper will be devoted

to a study of this turnover in AFDC.

Aside from enabling us to dispel an incorrect popular view, of

AFDC, a study of turnover has important implications for economic policy

and its administration. There are important social costs and benefits

*This paper represents a revised version of Memorandum No. 150 of the Cen-
ter-for Research in Economic Growth, Stanford University, 1973.

**The authors wish to thank Takeshi Amemiya and T. W. Anderson for valu-
able advice, Leonard Carlson for research assistance and Thom's Moore for
computational assistance. The authors were supported, respectively, by
,U.S. Department of Labor, Manpower Administration, Grant No. 51-06-73-06
and by National Science Foundation Grant GS-39906 at the Institute for
Mathematical Studies in the Social Sciences, Stanford University. The
authors wish to thank the Manpower Administration and NSF foi. this
support.
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associated with the turnover 'in the recipient population even when com-

pared to.a situatiori with little turnover but the same number of

family-months on AFDC. First, and probably most obvious, ip the substan-

tially higher cost of administering a program with substantial turnover.

.Less obvious, but possibly more important, are the costs and benefits to

society associated with the frequent turnover in the allocation of'work

between home and market (see Becker 11965]) implied by the-turnover in

AFDC. Benefits associated with such turnover include the efficient use

or time in job search (see Phelps, et. al. [1970]) and other types of

human capital activities. Costs include the imputed time costs to the

mother in moving from one use of her endowment of time to ariother and

the necessity of continuously reacquiring specific human capital on each

job. These factors should weigh heavily in any policy decidions likely

to affect turnover (see the essay by. Harberger ['1971b] for a discussion

of the basic principles).

There is alsoa duality between turnover and duration of time on

welfare. After all, a family accumulates time on welfare only by coming

on and (for some .number of periods)' failing to go off again. Tbus, we
7

gather information about duration od,(and'off) welfare by ana3yzimL

turnover.Y There are, oft course, important benefits and costs asso-
t

'ciated with changes in the duration of time on welfare. 'If We induce

welfare recipients out of work in the home into work in the market, tEe

.social opportunity, cost is not, as is implicitly argUed by some, zero.

After one accounts for a variety of special circumstances (see the

30
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discussion in Harbergerf1971a)), the relevant social opportunity,cost
v

is the,prevailing wage rate (or the minimum wage) or Something very

close to it. The value of the time spent by AFDC mothers working in

the home (raising and caring for their children, for example) should

not be ignored in such policy decisions.
1 A

In the present paper, we present and analyze quasi -longitudinal .

1

data on welfare families. In doing so we hope 'to provide a =me.

rate description of the AFDC population than is currently available,

deVclop a statistical technique for analyzing welfare turnover and,'

duration, and provide some empirical estimates Of the economid.determi-,
.*

nants of .welfare dependency and turnover which will provide lioMe insfght..

4

3 .

into the 'behavior of the, welfare populatibn and some potential input
1,

into intelligent 'policy in this area.

Toward thid end, Section 2 presents a two-state (on or off

welfareY Markov model of welfare turnover; Section 3 describes the`

.

data used in the empirical anlaysis; Section); reports)ie,empirical

results of the study.of welfare turnover; Section 5 offel4 aThrief

conclusion; and the Appendix develops the maximum likelihood estimators

of our model, together with their distributions.

2. A Two State Markov Chain Model of Welfare Dependency

We shall adopt the model that the movements of individhlal s,

I

s = 1, ... ,Si between state 1 on welfare, and state 2, orf.welfare, are

stochastic aria governed by the following probabiliiriee; 4 A

ar.
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,

Pr

Pr

individual s moves from state 1 at time

to state 2 at time t+1

individual a moves from state 2 at time

to state 1 at time t+1

t

t

= a
s

8
s

f

Note that we have implicitly introduced four distinct assumptions:

(i) the probabilities of transitions between the states are independent

-of time; (li) the transition probabilities are not dependent upon

which states were occupied before t;
3/

(iii) t is taken to be dis-
.

erete; (iv) only one movement can occur in a unit of time.
4/

These

assumptions lead us to adOpt the following convention: just after the

beginning of each time period Bernoulli trial is conducted in whibh

the probability or transition is determined by the-state the individual

occupies. The outcome of that trial determines the state the individual

will occupy until the beginning of the next period, at which time another'

trial is performed.

We must:now take cognizance of our particular initial conditions.

As: we shall indicate below, a person become part of the survey we use by

entering state 1 in the 'first month of the sample period. For reasons

of mathematical convenience, we shall label the starting point of the

survey t = -1. Then, at the beginning of-the-next-peiged3-ea

individual is in state 1. Let Ps(t) be the probability that individual

s occupies state i at, time, t; i = 1,2, for all t. We have

Pi( 0) = 1; s = and Ps(t)
2

P
s
(t) = 1, for all t. Individual

- 1
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s can be in state i at time t+1, t > 0 in one oftwo ways:

he could have entered state i on or before time t and remained there,

or he could have just entered state i from state j, i j. Hence,

we have kr t > 0

ps1 (t+i) = (1-a
s
)Ps(t) +

s
Ps(t)

P:(t+1) = asPl(t) + (1 -8 )P2(t)

Using the initial conditions, these difference equations can be solved

uniquely yielding:

)t +
J

a +

as

0pset-- - (1-0
s
- 0

s
) [1 - (1-a

s
-a

s
)

t
I

s s

a

P(t) = 8 [1 - (1-a -0 )t) t.> 0 .

2 a +0 s s
s s

We need these probabilities in-the Appendix to calculate

the expected values of several random variables. However, they can

also help us answer a question in this section: the expected percentage

of a time period of length T indiiidual' s will spend off welfare.

T2(t)Let T
2
kt) be the amount of_time s spends off welfareiap to time

and define T t = T82 (t) - T82 (t-1). Then,

Pr(AT:(t) = 1} = asP1(X-1) + (1-8s)P:(t-1) .

,
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Using the probabilities derived above we obtain

T

2
8.
(T) = / (a

a 1
Ps(t-1) + (1-a

s 2
)ps(t-1)]

t=1

a a (a +0 -1)

= + s B B
2

(1 - -a -8 )

a +a s s
s s (a

ES
4.0 )

For large T, the expected percentage of time s is off velJ

fare is approximately a
s
/(a

s
+0

s
).

Note that

s

CT:(T) as

lim P(T) =
2 a +0

ir+°3 T4413 S

T4T2(T) as
lim P(T) = lim =

a +.1 T $
T40o . 11140D s S

0'

Another question concerns the expected duration of astay in

a state. Once the individual is in state i, the probabilities of his

making a transition are fixed and the duration of his stay follows the

geometric distribution. For example, suppose individual s has just

entered state 1-and let Y
s

denote the duration of stay of individual

s in that state. Then

Pr{Ys = t} =a's
(3_as)t-1

-
The mean and variance of Y

s
are a

s

1
and (1-a

s
)a

s

2
, respectively.
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A

Note that for small as the mean and ,standard deviation of Y
s

have

approximately the same value.

Finally, we are interested in studying turnover.- In the context

of this model, turnover means a transition between states. Using

methods similar to'those employed above, we can establish that the

expected number of times individual s leaves welfare is approximately

[ysgas+08)]T, for large T, where T is the length of time, period

we are considering.

The model may be summarized as follows. Once we know an indivi-

dual's a
s

and $
s

we can obtain the distributions of the random
,

t. _.
:-

variables which can be used to chargeterize the individual's welfare

dependency. We have shown that--expeete4-4iuration, expected transitions

and expected proportion of time in each state are simple function's of

a
s

and 0
s

. It should be noted that if a
8

and. B are increased by,

equal proportional amounts, the expected number of transitions increases

by approximately that amount, but the expected proportion of time in the

states, which is a function of the relative magnitudes of as and 813,

remains unchanged.

We shall assume that the probabilities of the, transition's for

each individual are functions of that individual's socioeconomic charac-

teristics;2/ and we adopt the logistic functional form for this dependence:

and

exp(O'xs)
a = - f(O'X

s
) s = 1,...,S ,

s 1+exp(O'A
s
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exp(r'Z
s

)

Bs 14-exp(r1Z y = fo-zs) s = 1,...,s ,

s

where X
s

and Z
s

are, respectively, Kxl and PX1 vectors of exo-

genous variables which measure the socioeconomic characteristics of

individual s, 0 and r are KX1 and Pxl vectors of unknown, para-
\,_

meters, and S is the total number of individuals in the sample.

We estimate 0 and r in our logistic regression model with

a maximum-likelihood procedure described in. detail lin the Appendix.

Before proceeding to discuss the results, of thia46WmItion, we turn

to a discussion of the data which, we shall see, played a major role

in determining the way we modelled our problem.

3. The Data

The data used in this study are survey data from the State of

California AFDC five-year survey. The data follow individual house-

holds over the period 1965 -70.and include information on the total time

on welfare, recidivism, and characteristics of household members such as

age, race, sex, education, work experience, health, income by source,

assets, and amount of aid. The data cover 440 households, and are

particularly important as one of the few examples of data on individuals,

over time j/ These families all came on welfare in the first month of

the study. In the data described below, we treat each month of the sur-

vey as a potential transition.

vii
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The variables used in the empirical study include:

T11, the number of times the individual remained on welfare

over the sample period.

T
22'

the number of times the individual remained off welfare

over the sample period.

T
12

, the number of times the individual went off welfare during

the five years of the study.

T
21'

the number_of times tYie.individual came on welfare.

T , the total number of potential transitions off and on welfare,

which is equal to sixty, one for each month of the survey.

The remaining variables were constructed from the basic data

providdd in the survey:

W ,the.expected homrly market wage facing the household head.

This wage is imputed on the,basis of a regression of stages on

personal` characteristics from the 1967 Survey Of Economic

Opportunity, and adjusted for the employee aomponent of the

payroll tax ,and the individual income tax. The independent,

variables in the wage equation include age, sex, race,1*educa-
,

tion, location, union membership, health and interactions

among these variables. The procedure is discussed in more

detail in Boskin [1974 or Hall [1973]. Thewage'is also

used in the form_of a'series of dummy variables representing

wage categories,pee the discussion n Section 4).

3 7,
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U , the expected duration (in weeks) of unemployment facing the

head of the household. This is imputed in a mannet analogous

to W, and is also discussed in Hoskin [1974] or Hall [1973].

Again, unemployment is sometimes entered categorically,

rather than continuously.

NWY, non-wage income, encompasses income from sources other than

earnings, including imputed income (at 12%) to consumer

durables; sometimes entered as a dummy variable dividing the

sample at the mean non-wage income.

A , a dummy variable taking the value one when the head of the

household is twenty-two years old or under as_of the start

of the survey.

H , a dummy variable taking the value one when the head of the

household reported that an adverse health condition affected

employability as of the start-of the survey.

PS , a dummy variable taking the value one if a child of pre-

school age, five years old or under, was present in the
I

household for at least three of the five, years of the study.

It is instructive to examine the frequency distribution of the

number of times individuals came onto welfare (which either equals:or
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exceeds by one, the number of times they went off) during the period.

Presented in Table 1 below, these figures quickly dispel a popular

misconception about welfare: that the population is rather firmly

entrenched in a permanent welfare dependency status. Indeed, we note

that only seventeen percent of this sample remained on welfare for the

entire period. Fully twenty-seven percent went off and came back on

again during'the period. Combined with a median duration of the total
-

time oh welfare during the period of just fourteen months, we may infer

that the popular conception is badly mistaken: there is an enormous

turnover in the AFDC rolls; the flow of people over even a period as

:Mort as fixe years is much larger thadthe stock at any pqint 351 time,

a1d many families remain on welfare for comparatively short periods:

these pheno,eaft-are anlayzed in more detail below.

Table 1

Distribution of NUmber of Times Came on Welfare(

ti

Number of Times of. thmple % Time on Welfare,

1 73 37.

2 20 47

3 or more 7 50

4. Empirical Results

Our empirical resulth reveal some extremely interesting insights

into welfare turnover and dependency. We shall present our results in

vveral stages. First, we present the maximum likeIihbod estimates of
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39.
N.

.to



-33-

the logistic 'regression of the probabilities of leaving angentering'

1.

.

;.;1.
, ,

welfare status as functions of a variety of economic-anddemographiC ,

'''' 74.

. f '

variables.I/ Second, we use these results to derive Predicted valpea .4.. . h 4
. '

,,,21
A

and standard errors of the transition probabilities far representaEive
i'

persons with specified characteristics. Finally, we present estimateA
.

:--

. -

..1
. .

..,
.

,

of the predicted duration on and off welfare (each time a tran84io .-.

4,', f

..-,

made) for the same individuals. , '1.t. i

, :...,

The logistic regressions were run with the variables in continuous." ' ,.
.. 4 ,..

P W 0

and categorical form. We report'in Table 2 the rebults'in the alagori, :I. . "' ,

,,-,
, .

d ,
, 6

t,cal form, as they are more revealing.8/ .

The estimated coefficients all have the expected sign.

The most striking, and most important, result'is that persons

facing an expected market wage rate be1oW the minimum wage are much, ,'.

I .- 14

less likely to leave welfare and much more likely to return to welfare

than persons with a wage larger than the minimum wage. When entered.

continuously, thewage variable worked in'the'same direations bud not as

Tviding up the above the minimum wage group into narrower

groups failed to produce any evidence of differential wage effects

4-

,
.

above the minimum wage. This result, of course, is consistent with a .-
. i .

basic propositicT of economic theory: the minimum wage tends,to pre-
, IF. ,

.

elude workers with a zralue of marginal product less than the minimum

from employment in the market (see the classic discussion by Stigler

[1946] and the excellent analysis by Welch [1975]).2
/, 12/ ..

Individuals with an expeced dilation of unemployment of less

than two weeks tend o leave welfare acre readily than those with

4(
I

r
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Table 2

Transition Probability Regressions
a

, 7

Variable

(leave
welfare)

8

(return to

welfare)

-2.819 -3.496Constant
(0.082) (0.077)

Non-white -0.790 0.51'5

(0.123) (0.135)

Wage < minimum wage -0.500 0.366

(0.084) (0.099)

Expected unemployment k 2 wiarr 0.237
(0.094)

Nen-wage-income > mean 0.232
0.138)

Dummy variables for age less than twenty-three, unskilled occupation,

presence of a pre-school child, and adverse health affecting employe-

bility were included in preliminary regressions.- The Sdtimateecoeffi-

tient§ of these variables were all small and were nbt measured pre-

cisely enough to,be considered different from zero using the usual test.

Air The likelihood ratio test that all the coefficients of these omitted vari-
,

ables are zero yielded a x
2

statistic of 16.0, which is less

than the 5% critical value of x2(10) = 18.3; hence we accept the

hypothesis.

aStandard errors in parentheses are from the estimated information matrix.

Convergence was achieved in seven iterations.
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expected unemploytent greater than two weeks per year. While there

are several factors i cing the range Over'which unemployment

inburance and welfareICaoptlement,.or substitute for,'eabh other, these

results are consistent with the:vieW that, ceteris-paribnal; a lower

search cost for employment tends to induce persons out of welfare into

the market.

Persona with a non-wage income greater than the mean tend to .

have a higher probability orieaving than those below the mean.22j To
_-

the extent that j search requires some financing out of the potential
.

-

worker's own.resonrdes, this result is s expected.' There is, of.
c,

course, the counter effect of leisureor work in the'home--being a nor-

mal good with apositve'income effect: the. net result we' find sUpports

.

(very weakly) the, iiesY that the former effect'dominates the,lat'ter.
,

-% ....

r
," i

,

.
, 1 .

-ye find no evidence of a non -wage income effect on.the probability of
,- ..

re--.enierini%:iielfare,
: :

, '' ,We note also that nonwhiteg lirie a loWer.probablikyr.00f leSi.ring

4

..
seriblis".

,i44:.ifici-n'Ote.tnat the criteria,upom wtich welfare reciiienti.

'are ekeligre ,from:register-Jag for the recently-enacted work incentive
L,, .

s

program,,NDO7apriisrilyadverse':health or a,preTbcnool age dependent-7-
,,

, . ,.

awdo- mot-appear to. :hive h
noticeable effedt Ion the probability of. . . , . . :', ---

..: V.. '
4 . ' i ,

leayink or-reenterl:ng. welfare'. .. The results,. which ar-',141.1fiy

1 ,
-snmmarised in'the tootnote'tii Table:1 are available iin--dela froM'the, ..

,.
6

.

%autliort.'
.t

1,2

A

t 4
.

:71 '
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Table 3 presents point.estimates and estimated standard errors

of the probability of moving on or off welfare-in any given month, and

the steady-state probability of being on welfare for individuals-with

.

different characteristics.-- The estimates are quit precise. The

estimated monthly probabilities ofoleaving welfeire ..r e from about

two to nine, percefit. The estimated monthly probabilities of returning

.

4 range,,from.ifyout three tb seven percent. The estimated steady-state

probabilities of being on welfare in any period range from about twenty-

five to eighty-one percent.112/ The range of all three estimates is thus

quite substantial.

As expected, given theresults'reported in Table 2, nonwhites

wagetcing a age leki than the Al4nimum Wage', An,expopted-duration,iof unemp-

.
.f

,_ loymeni greater than iclWeeks,,with
.

a nontage income less thah the mean,
. . , . ,

I

have,the:lowest estimated probability pf leaving, and the highest esti-
,

-' -
. , ..
',,Isated-probability.ef returning to, wel fare: These results combine to

. t , ', ' ,,:-. . -

predict a sieadY=stae probability of.being on welfare of over eighty

,percent. 3t the ipPler) extreme, whites. with wages above the minimum,

? non-wage income abdVe the. mean' and expected unemployment below two

. :weeks have,the highest.eatimated probability of leaving welfare, 8.7%,

,

and 'the lowest estimated of,.returning, 2.9%; these data
,

.-

.. 7.
combine to predictoa steady-state probability of being on welfare of 25.2%,

!
: .

, . ,.

.:

the crther, groups havelestimeted probabilitied between these two extremes.

.;', : ..;',
We see that the -. probability of 'leaving welfare increases, the probability

ofgret'urninalls, and the steady -state probability of being on welfare
, ,,.,

,

to

I :

I

.
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Group

,
-1;iage < $1.60 ,

v.

-37-t
Table 3

.

Monthly Transition Pfobsbilities.

,

Probability,

or Leaving

Airi percent).-

White
Expected Unerployment
< 2 weeks/year:.
Non-Wage Incoie < Mean

'rrr

Non-Wage Income Mean

Expected Unemployment
> 2 weeks /year

. $Non-Wage Income < ean

.,

Non-Wage Income, > MeanTh*

Nonwhite i
Expected Un,emp14ynient

, < 2. weeks/year ` . :
NOn-Wage ,Income < Mea4 2: 04, :

-
k 'r (.063)

?.
r

'Non-Wage,Income > Mean'. .2. :2:

4.39
,(.257)

Oer
(.73.8.)

.4,

3,49
(.34)
...

.4;37= .

(.664)

(.4601.
. ,

Expected UnettOloymen4,
> 2 Meeks/year,.,

Non-Wage Inci5me; Mega

' .

rt

I

Probability

of Enterin(
'Welfare (fa),

*(in percent)

4# 4. w -

Approximate
Probability
of, Being on

Welfare at
;Time. T, for

bMike -

(in percent)
" I

,

4.1)
'(.218)

- 44.9 .

(278)

A.19
(,278')

4.19

. . f

48.84
(2.21)

.:4M6
(3.61.)

54.51
, (2.87)

48:95

( 278), (4.14)

76.98
(3.22)

32:71,
.(4.38)

, ,

(198).
r.

.41 ,,, I o

lionrWage e Income >. Mean 2.03 , 6.82 'Ir. 06

.e(.351) .1376) .

, .

, . . ,

t. ''

e

I.

11

t.,

.

t 3*

4 I

i

.
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Table 3 (continued)
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.

Approximate
Probability

. of Being on
0. Probability Probability Welfare at

of Leaving of Entering Time T; fdr
Group 4

Welfare (a) ,Welfare (a) Large T ,

(in percent) in percent) (in percelt)
fiaie.> 1.60

ry
White

e
. . ;.,

Expected Unemployient. ' -
* , < 2 weeks/104Y_

Non-Wage IndOme < Mean . -2,,T.-20)". 2.94 29.50
. , , . (;691) J.(5.09)

' S

Non -Wage Income > Mean : 8,
.
71

.
; " 2.94 25 t 25

, e,s - (1352, .(:9) ,(5.07.),
,

Expected Unemploiment. ,
> 2 weeks /year

4

Non-Wage -Income < Mear t 3:63
" 4"..1:*). 1..448)

Non-Wage Income' >:,1441)" A.00 .

' *.(469Y.

Nonwhite -"
, E4pected.

.

Unemployment'
< 2 week /yeah':- :.

NE;ft.-Wage Income. <, Mean; . ,3. 32 .

: 4.433)
wo ,

. .

4 , ,
7 t

4 0! , .Nori-Wige-
,

Income`- >' Mean 1.15. ,-. ....
, -. . '..; , , , .' , ( n'T.) ,, . . .

,,,.... 0,,,, sO - ..1 t. t vst,. t

.. '
'''Ex. ect,dd Unemploybent, ..'',_. - ,,..

. t.> 2',,ieekeyear. ,

.NTY4.wE.436,:Xneome <- Mean ." .2.:64 t_ 1,.., - 0 v.. ( ;-f3.6.)' - ,,,

. 1.
',..,/, 0. , ,.. ...,, . ; 'Y40
v

' ' No -Wage

Vi4

gg :Income > Mean . 3.3,

44

S'
'-

e , s

4e4

.2.94 34.31
f5.59)

. 2:94 29 5'8
(.691) -(5.68)

4:83
588)

(.54$)

.

, 59,28
(4:31)

53.79
.(5.35)

4'03 .,
(,5.88),

4:83 59-143,
(.588)

.

64.68
'(3.73)

(4.92)

$
58tandai.a.-`errors in parentheses are for the estimated g)cpected values
Anitl-e &1.pulated using tlile;aiymftotic distribution theory deyeloped in.:

the- 1 . .. , : : N

1.; .
. 1... . . ,-. ..

Gib minits these efitries "yfeld point eatimate,s. ofthe approximate probe-
' bill.ty .0? bt.ing off 'welfare at T, 'for. large 7.11.

:5.

;'' ' *
4

''' ' t

,

e

1.3. '1... .* ,,4 o

. 't 0, r

.0 ' . .. r ,4 At'''" *0.4
1 , / . t - ar)r.t i

.1 ,. t A., ) ; ''

r, 1

4 , .1

.

t

Ie

I

4
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falls as we move from nonwhites to'whites, below the minimuillwage

to above, more than two weeks of expected unemployment to less, and

less than the mean nonwage income to more.

Table 4 presents estimates of the expected duration of stay on

_ and off -welfare (each time a transition to that state is made) for

the same groups of indivl,duals. .Since expected duration in a state is

;giveh by the reciprocal of the probability of leaving that state, the

results follow closely those reported above. /he estimated expected

.duration on welfare (each time on welfare) ranges from about eleven

1

months to over sixty months., the estimated expected duration off

welfare (each time a person.comes off) ranges from about fifteen
- A ;

months to_about thirty-four months As we by now expect, expected

duration on welfare is higher for nonwhites than whites, for persons

'facing wages below the minimum than above, for persons facing expected

unemployment greater than two weeks per year than for less, and for

persons with non-wage income less than the mean compared to those with

more. The expected duration off welfare, once off, is larger for whites

than nonwhites, and for those with wages above the minimum than below.

Conclusion .

,

We have analyzed a new body .of longitudinal data on welfare

-recipients in order to gain some insight into turno'ver in the welfare

population. In doing so, we developed a statistical model of transition

among discreti states which is potentially applicable to many economic
, .

46
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Table 4 .

Expected Duration in Months of Stay on Welfarea

Wage < $1.60

White
Expected Unemployment
< 2 weeks/year

Non-Wage Income < Mean

Non-Wage Income > Mean'

Expebted Unemployment
> 2 weeks/year

----NonLyage-Income < Mean

Non-Wage ,Income ,5 Mean

Nonwhite
Expected Unemployment
< 2 weeks/year
Non-Wage Income < Mean

Non-Wage Income > Mean

Expected unemployment
> 2 weeks/year
Non-Wage Income < Mean

Non-Wage Income > Mean:

Eipected Duration
On Welfare Per
Tillie On Welfare

47

Expected Duration
Off Welfare Per
Time Off Welfare

(1/a)

22.80 23.88
(1.335) ti (1.586)

18.28 23.88
(2.158) (1.586)

28.62 23.88
(2.712) (1.586)

22.89 . 23.88
(3.475) (1.586)

49.04 14.67
(6.323) (1.883)

39.07 14.67
(7.004) (1.883)

61.86 14.67

(7.618) (1.883)

49.23 14.67
(8.6(p) \ (1.883)



Table 4 (continued)_

-417

Expected Duration
On Welfare Per
Time On Welfaie

Expected Duration
Off Welfare Per
Time Off Welfare

Wage > $1.60

White
Expected Unemployment
< 2 weeks/year

(1/a) (1/0)

Non-Wage Income < Mean 14.22 33.98

(0.971) (7.995)

Non-Wage Income > Mean 11.48 33.98

(1.496) (7.995)

Expected Unemployment
> 2 weeks/year
Non-Wage Income < Mean 17.75 33,98

(1.412) (7.995)

'Non -Wage Income > Mean 14.28 33.98

(1.977) (7.995)

, Expected Unemployment
'< 2 weeks/year

.Non -Wage Income < Mean 30.14
(3.936)

,go.To
(2.526)

Non-Wage Income > Mean . 24.10 20.7b
(4.280) (2.526)

Expected Unemployment
> 2 weeks/year
Non-Wage income < Mean 37.92 - 20.70'

(4.105) (2.526)

Non -Wage Income > Mean 34b.22 20.70
(4.9391 (2.526)

a
Stan#ard errors inparentheses are for the estimated expected values,

and are calculated using the asymptotic distribution theory' developed
in Section 3.
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phenomena.-2/ We have discovered that the.popular notion of the welfare

population as more or leas permanently entrenched on welfare is etrron-
,.=A:

eous. An'enormous amount of turnover occurs in the welfare population

and the average duration of time on welfarl once on welfare is relatively

modestO

In analyzing the probabilitiet-of-ieaving, and returning to,

welfare our main substantive conclusion is that persons facing a wage

below the minimum warm are much less likely to leave welfare, much more

likely to return, stay off welfare for shorter periods, stay on welfare

for longer periods, and are much more likely to be on welfare in the

-4 2...
steady state Oen those facing wages above the minimum wage.

We have also found that non-wage income: expected unemployment

o

and race affect welfare dependency status in a manner consistent with

economic theory and anectdotal evidenc.

4
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. APPENDIX

Maximum Likelihood Estimators of Transition Probabilities and
Related Statistics

Porewhindividuals,weobserveT.sW the number of times indi-

vidual s made a transition from state `.i to state ,j, i,j = 1,2.

We now develop the maximum likelihood estimates of 0 and r.11/

The probability associated with any given individual's set of Ti3 is

Ts
P(T11,112,T21,421u ",r-) = ' ,T12,41,42):[1 -

11

where
ssssN

1
K(T

1
T
1

T2sT
21'2' ' 2

)

T,n Tnn
.[f(O'Xs)] '"[1 - i(1"Zs)] ccqf6"Zidi

et

is a function which does not depend ;:in 0, or

We assume the individuals move independently so that the probabi-

lity of the whole set of observations on S individuals is proportional

to'

Ts
s s

Ts Ts Tn,
L-f(O'Xs)] 11[1,(0,x )i cc[f(r,z )] GI

s=1

Hence the log of the likelihood function is

ssss S

In g(0,FIT11,T12,T21,T22, s = k + I (TIlln (1-f(O'Xs))+
S1

4
' s+T

s

12
ln"[f(O'X

s
)]+T

22
ln [1r(r,z

s
)] 4-11

21
ln [f(r'Zs)]} .
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The first partial'deriAtives of In 16 are/

31n

36i

s

ETLxis (Tll
T12)xisft0,x.)] ,

s=1-

i = 1,...,K

3in
S

2

r
= L [Ts

1
z
js 2

(Ts
2

+ Ts )z
js
f(rkz

s
)) , = 1,.,.,P

3y. 21
s=1,

The maxigi7lakelihood estiMators,denOted 0' = [6
1,

. .,6
K

] and

r, = [y1,...,y], are obtained by equating these first partial deriva-

tives to zero and solving for the 6i's and yj'S. Because these

equations are nonlineai. in the paraieters, we chose the Newton-Baphson

iterative method of solution. This method uses the matrix of second

partial dervatives of ln:e which we denote

elements [mil] are defined as:

[in ].. The (K +P)e

Sc

3
2
ln X

m = - {-(Ts + Ts )x x f(O'X )[1 - f(01X )]}
ij 36.36

j s=1
11 12 is js , t s ,

'i,j =

= m 32112' g ,1 = 1,...,K
i+K,j ay

j = 1,...,P

2 S'

,

= 212A:%- E (cp22
-21 is 4

z
s
fCr'z

s
)[]. - f(r,z

s
)1)

3y3yj

. ,

.

Note that (m
ij

] is block diagonal. Hence, we can estimate 0 and r

separately, simplifying the estimation prodedure and saving computation

time.

51
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Distributions of the Estimators and RelatedStatistics

The log,of the likelihood function is a well - behaved function of

the unknown parameters, and to show that the conditions are met for

the maximum likelihood estimators derived above to'be B.A.N. (Best

y.

Asymptotically Normal) is relatively easy.121 Hence, letting'

we have

4)

rd

/8004) N(01/f1(0)

where N( , )'. denotes the multivariate normal distribution and 01' is

a' (K+P)xl vector.of zeros. Note that we assume S i co for the asymp-

totic distribution theory. Evaluation of I(), which is usually called

the Fishdr informat1in matrix, requires evaluation of eTs i,j = 1,2.

As in Section 2 we must take- account of Me initial conditions as well

as how the data were collected. Using techniques similar to those emp-

loyed,in Section & we have for z = 1,..:,S:

(1 -as)0,* a-(1 =a s) T

e(rii) = .- Ts-1) + )

\ 13 (a +B )
s s
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)a.
s s(t a (8 -1)s_11

a +0 s '

5 S '
21
)

S S

a 0
A(T12) -0-tR4A1)

s

Ts

2
a
s Ts

(as+0s)
)

g(Ts ) = 1 +

a

B

0

(T
asOs

(,_Ts)
21 a

s
+0

5
s (a+0)2'

where
s

=
s
-0

s
. To obtain the estimate of the variance coavariance

'matrix of .* We need only calculate
*.

The elements of this

matrix will be close to the elements of -[m ]-1] which is generated

at the last iteration of the Newton -Raphson method.

We are also
4
interested in the distribution of functions of the

elements of *. We have indicated above that * is a B.A,N. estimator

of *. If g(*) is a function whose first partial derivatives with

respect to the elements of ->V exist, then

ig(g(17)) g(*)) 4- Nkyrg(*)I-1(*)Dg(*))

where Dg = [3g(*)/601,...,013(0/30K0g(*)/8y1,...,864))/ayp]. Thus,

g(*) is a B.AsN. estimator, of g(*).
20/

We are specifically interested in six functions of thel.,,elements
,-.

of \*: a ,.as
-1

, Os, Os
1,

Os(a.s+OsJ and as(cy0s)
-1.

We derive
MO.

',estimates of these Unctionsy substituting the elements of V for

their unknown counterparts. Theresult above applies, and we obtain

r. .53
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the following asymptotic distributions, s = 1,...,5:

.

d

ig(a -as) N 0,as(1-cCs) fx;opi (0)
s

, 1 ,

02
2, ,2

d

s s
) 4' N 0,qxp (-20'X

s
)[XIUI-100 Xo.'s /

sfic
2

q(A SA
0

/6a
s
+8

s
s s

!N(0,ia(0,0X1 '1)(e01%)I-101))
s

where 02 is a PXl vector of zeros,

I -[l +exp WZdjexp (01yr'Zs)

a(0,11-
lexp (0'Xs)+exp ('Zs)+2exp (01X -1-rz ))2

s s

[14.exp (01xs)lexp (oixs+r,zs)

b(e,r)
[exp (0'Xs)+exp (1"%)+2exp (e'xs'4.1"zs)]

2

1
Results parallel to those given above hold for 0

s
, 0

s
and

," % -1
.4.0 1

a
s'
lq

s
+8

s
) , mutatis mutandi. Numerical values for the variances of the

estimated functions are obtained-by evaluating the theoretical asymp-

totic variances at IP: the maximum likelihood estimates. Again note

that the limit is taken on S.
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Footnotes

The basic model for studying the allocation of time to different

activities is by now so familiar as to render it repetit4ous to

present it here,--Utility maximization hilb3idt..T6-1. budget con-

straint on full income (and perhaps home production relationships)

produces demand functions for,the use of time in different acti

vities which depend upon wage rates and nonwage income. These

variables will play an important role in the empirical anlaysis

presented below.

We are forced to adopt this convention because of the method of

data collection (see the diScussion in Section,3). :In principle,

of course, we'would prefer to adopt a more general model and test

the assumption of statiOnarity.,

This-first-order assumption might also be relaxed with a richer

body of data.

4/ An alternative model which divides the sample into two groups- -

those who would never make a transition regardless of the stimulup

(stayers) and.those whose transition probabilities follow a first-

order stationary Markov process--has been suggested by Blumen et.

al. [1955], developed statistically by Goodman [1961] and applied

to the interesting case of transition in and out of poverty status

-by-McCall [1971]. It is-vorthwhi-le-bcrth-te-exemine our data, and

to point out a potential problem with the interpretation of our

results, in light of the mover-stayer approach.

First, we have divided our sample into groups based on the eight

dichotomous variables reported in Table 2 and folloWed the procedure

suggested by Goodman 11961] to test the hypothesis that the propor-

tion of stayers in each group is zero. We rejected this hypothesis

for eighteen percent of the groups; a strict interpretation of the

mover-stayer model would suggest that we had about eight percent

stayers in our sample. However, the test is an asymptotic one, and

the length of time involved (five years) is short relative to the

time spanned by many economic decisions (fertility and marriage,

divorce and remarriage). The eight percen4can only be interpreted

as an upper bound on the proportIon of stayers. For example,

note that roughly ten percent of those indiyiduals,on welfare for

the first fifty-five months of the sample period left on or before

4 the sixtieth month. It would be surprising if this exodus from

AFDC would suddenly cease after month Sixty. Thus; the eight

percent.otour sample suspected of being stayers probably contain a

Substantial number of movers. Further, the suspected stayers are

,spread rather evenly across the sixteen groups reported in Tables
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3 and 4 Hence, the estimated transition probabilities look very
similar for the whole sample aad for the'shmple pOrged of suspected

-sstayers. X11 of these results are available from the authors union

request. .

Second', if indeed there is .a proportion of t e populdtion who are '

trulstayers in welfare status, our samplin procedure.-eXamining

data fOr families which came onto welfate,in 1'965- -may-may systemati-

11 cally exclude such ttayers;'sinq:e,ths nevetriave a ichance:to come
on in 1965 if. they.have been on 'welfare continuously since some pre

vious date. We are thus kampli Om a population depleted of

stayers. Since at leatt sevent nt of the current California welfare

population entered (or re-entere fare from 1965 to the present,

oUr'model at worst would be inappi0 fate for whatever proportion
of the, at most, thirty percent of the current welfare population
which was already on welfare in 1964 are truly stayers. This obj c-

tion,should be noted in interpreting our results. We.may only be

describing turnover in the new additions (since 1965) to welfare- -
although these-do make up the overwhelming majority of welfare

recipients.

While our data can shed no direct light on the pre-196 roup, one

indirect inference is possible. While the mover-stayer model

would predict depleti f the pool of potential stayers by 1965,

each newly eligible ge cohort would contain some potential stayers.

Our results, howeve , suggest that the estimatedRrOportion of sus-

pected stayers and the transition probabilities are very similar

for our sample of welfare recipients above and below twenty-three

years of age. ..,.,--

The net effect cf the above reasoningis-to lead us4o consider the
mover-stayer model unnecessary for our sample, but to interpret
our results cautiously as perhaps applying only to the seventy (or

more) percent of welfare recipients entering welfare since 1965.

5/ The approach of making the transition probabilities a function of
personal characteristics has been used successfully in several pre-

vious studies of labor market phenomena. See Hall [1973] and

McCall [1971] for two interesting applications. Also see the classic

study by Orcutt, et, al. [1961].

.6/ .The'oritrinal data contained 653 observations. We eliminat

observations for families with missing informatiori and als he

few families eligible under the unemployed father program. Hence,

our data refer to female headed households (the overwhelming majority

of the welfare caseload) only.

7/ Since our sample includes only persons who haWa been on welfare for
at least one month, our results must be interpreted as conditional
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upon that fact. We do not estimate the probability that someone
who has never been on welfare will eventually come on aid. .Further;'

-recall the proviso of footnote 4. -

.

8/ The continuous results tended to look very much likeithe .cetegor4.-'

cal results. Since the latter impose less a priori structure and

allow the data to play a greater role in determining the results,
we eschew any attempt to report the former. They are available-

upon request from the authors.

2/ The most likely explanation for leaving welfare, other than
obtaining employment, is marriage, remarriage or other allialice

with an employed male. Ouf= results are consistent with-the notion

that low-wage women are less valUable marriage partners than,high-

wage women and hence have a lower probability of forming sucan

alliance.

10/ Since there was a general increase in wage rates throughout this

Jeriod, a few workers with wages below the minimum in 1.965 may,

have been above the minimum by 1970. Further the coverage of the.

minimum wage, and its level, were extended Slightly-during the..

period. Average welfare payments and consumer prices also

increased. The net effect of these considerations is probably to
lead us to underestimate the wage effect on transition probabili-.

ties. However, examination of the time pattern'of leaving welfare
(for those who left and never came back--the only group about whom

we can infer this information) and of.the group with wages between

the old and new minimum provides no evidence that this effect is

quantitatively important for our sample.

111/ This variable passes the One=tailed test at the 5% level marginally.

12/ Several interactions of the race and other variables were tried,

but none produced any evidence of interation effects.

13/ Recall that we are invoking asymptotic distribution theory.

14/ Recall the proviso of footnotes 4 and 7.

15./ When a first-order discrete time stationary Markov process is.a

reasonable assumption. See footnotes 2 and 3

Recall the proviso about our sample noted in footnotes 4 and 7.

11/ .The vectOrs 8, and I' can also be estimated in other ways. The

best alternative to the maximum likelihood method is Berkson's

minimum logit chi-squared method. (See Chapter 3 of Cox [1970].)
.

57.



1r ,t

,% r

. .

t
.-

-51-
1

'"

:"frf

We, deaded to employ the method despite higher`

computation costs and the asymptotic equivalence of theestimators

because the large number of. extreme observations' in oursample

would force adoption of rather -ad hoc cprrectives were we to use

Berkson's method.

21/ See P. Billings3ey [1961, p. 13] or Anderson and Goodman [1957,

p. 91].

2-11
See S. Zacks [1971, p. 247] for a 'concise statement of the condi-

tions under which the maximum likelihood estimator is also B.A.N:

20/ See S. Zacks [1971, p. 249] for a heuristic development of this

result.
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